We introduce the cosmic holographic bounds with two UV and IR cutoff scales, to deal with both the inflationary universe in the past and dark energy in the future. To describe quantum fluctuations of inflation on sub-horizon scales, we use the Bekenstein-Hawking energy bound. However, it is not justified that the D-bound is satisfied with the coarsegrained entropy. The Hubble bounds are introduced for classical fluctuations of inflation on super-horizon scales. It turns out that the Hubble entropy bound is satisfied with the entanglement entropy and the Hubble temperature bound leads to a condition for the slow-roll inflation. In order to describe the dark energy, we introduce the holographic energy density which is the one saturating the Bekenstein-Hawking energy bound for a weakly gravitating system. Here the UV (IR) cutoff is given by the Planck scale (future event horizon), respectively. As a result, we find the close connection between quantum and classical fluctuations of inflation, and dark energy.
Introduction
Supernova (SN Ia) observations [1] suggest that our universe is accelerating and the dark energy contributes Ω DE ≃ 0.60 − 0.70 to the critical density of the present universe. Also the cosmic microwave background (CMB) observations [2] imply that the standard cosmology is given by the inflation [3] and flat FRW universe. It is generally accepted that curvature (scalar) perturbations produced during inflation are considered to be the origin of inhomogeneities necessary for explaining CMB anisotropies and large-scale structures.
The holographic principle is basically a statement about the number of fundamental degrees of freedom [4] . In the case of scalar perturbations of inflation with the UV cutoff Λ, the holographic principle was used to derive the entropy bound for quantum fluctuations of inflation on sub-horizon scales [5] . It was shown that the indirect entropy bound leads to a constraint which states that the UV cutoff is nearly of the same order of the Planck scale. Also it was suggested that the D-bound is satisfied with the coarse-grained and entanglement entropies.
One of promising candidates for the dark energy is the cosmological constant. Cohen et al. [6] showed that in quantum field theory, the UV cutoff Λ is related to the IR cutoff L Λ because of the limit set by forming a black hole. In other words, if ρ Λ is the quantum zeropoint energy density caused by the UV cutoff, the energy of the system with size L Λ should not exceed the mass of the system-size black hole: 2 . Recently the holographic energy density has been used to explain the dark energy widely [7, 8, 9, 10, 11, 12, 13] . However, we mention that the future event horizon as the IR cutfof seems to be rather ad hoc chosen and it thus requires establishing a close connection between the holographic energy density and dark energy. On the other hand, the implications of the cosmic holographic bounds have been investigated in the literature [14, 15, 16, 17, 18, 19] . The cosmic holographic bounds are based on the holographic principle and the two Friedmann equations.
In this work we will examine how the cosmic holographic bounds with the UV and IR cutoffs could be used for describing fluctuations of inflation in the past and the dark energy in the future. Explicitly we use the Bekenstein-Hawking energy bound E ≤ E BH for a weakly gravitating system with a ≤ √ 2 − k/H, whereas for a strongly gravitating system with a ≥ √ 2 − k/H, we use the Hubble entropy bound S ≤ S H and temperature bound T ≥ T H . Especially, the energy bound is very useful for describing quantum fluctuations of inflation in the past and the dark energy in the future. In these cases, the UV cutoff is the Planck scale and the IR cutoff scale is the Hubble horizon for quantum fluctuations of inflation and the future event horizon for the dark energy. For classical fluctuations of inflation on super-horizon scales, we use the Hubble bounds to estimate the lower limit of its entropy and the upper limit of its temperature. Here the UV cutoff scale is also given by the Planck scale and the IR scale is the Hubble horizon on super-horizon scales.
The organization of this work is as follows. In section 2 we briefly review the cosmic holographic bounds: the Bekenstein-Hawking energy bound for a weakly gravitating system and the Hubble bounds for a strongly gravitating system. We apply the cosmic holographic bounds to the fluctuations of inflation: quantum fluctuations on sub-horizon scales and classical fluctuations on super-horizon scales in section 3. Section 4 is devoted to deriving the holographic energy density from the Bekenstein-Hawking energy bound. We show how the holographic energy density can explain the dark energy in Section 5. Finally we summarize our results in section 6.
Cosmic holographic bounds
We briefly review the cosmic holographic bounds. Let us start an (n + 1)-dimensional Friedmann-Robertson-Walker (FRW) metric
where a is the scale factor of the universe and dΩ 2 n−1 denotes the line element of an (n − 1)-dimensional unit sphere. Here k = −1, 0, 1 represent that the universe is open, flat, closed, respectively. A cosmological evolution is determined by the two Friedmann equations
where H =ȧ/a represents the Hubble parameter and the overdot stands for derivative with respect to the cosmic time t, E is the total energy of matter filling the universe, and p is its pressure. V is the volume of the universe, V = a n Σ n k with Σ n k being the volume of an n-dimensional space with a curvature constant k, and G n+1 is the Newton constant in (n + 1) dimensions. It denotes G = 1/M 2 p for (3+1)-dimensional spacetime. Here we assume the equation of state: p = ωρ, ρ = E/V . First of all, we introduce two entropies for the holographic description of a universe [18] :
where S BV and S BH are called the Bekenstein-Verlinde and Bekenstein-Hawking entropies, respectively. We identify S BH with the Bekenstein-Hawking entropy of a universe-size black hole, which is close to the usual expression of A/4G n+1 . Then the first Friedmann equation can be rewritten as
We define a quantity E BH which corresponds to energy needed to form a universe-sized black hole:
one finds the Bekenstein-Hawking bound for a weakly self-gravitating system
while for Ha ≥ √ 2 − k, a holographic bound is given for a strongly self-gravitating system
The Bekenstein-Hawking bound is just a criterion on distinguishing between weakly and strongly gravitating system. Making use of the first Friedmann equation with Ha = √ 2 − k, one finds that S BV = S BH ↔ E = E BH . For a ≤ √ 2 − k/H, we have to use the energy bound E ≤ E BH because its entropy bound S BV ≤ S BH is less important than the energy bound. This is because S BV is not really an entropy but rather the energy. Also the role of S BH is not to serve a bound on the total entropy, but rather on a sub-extensive component of the entropy. In this case, we may introduce the original Bekenstein bound on the entropy S ≤ S BV .
This bound is restricted within narrow limits. Also there is no bound on the temperature of the system. Hence we use mainly the Bekenstein-Hawking energy bound for a weakly gravitating system with Ha ≤ √ 2 − k. For Ha ≥ √ 2 − k, one has S BV ≥ S BH and the original Bekenstein bound in Eq. (7) should be replaced by an appropriate one. A good candidate is the Hubble entropy bound S ≤ S H . Here S H is proportional to the Bekenstein-Hawking entropy of a Hubble-size black hole (HV H /4G n+1 ) times the number of Hubble regions in the universe (N H = V /V H ≥ 1) [18] . That is, one finds that S H ∝ HV /4G n+1 . According to the FischlerSusskind-Bousso (FSB) proposal, the entropy flow S through a contracting sheet is less to equal to A/4G n+1 (S ≤ A/G n+1 ), where A is the area of the surface from which the light sheet originates. The infinitesimal form of this prescription leads to the Hubble entropy bound with the prefactor (n − 1).
In order to derive the Hubble bounds explicitly, the Friedmann equations (2) can be cast to the cosmological Cardy-Verlinde formula and cosmological Smarr formula, respectively
where the Hubble entropy (S H ) and temperature (T H ) are defined by
These are useful quantities for describing a strongly gravitating phase with Ha ≥ √ 2 − k and are based on the holographic principle and Friedmann equations. Actually, Eq. (8) corresponds to another representations of the two Friedmann equations, which are expressed in terms of holographic quantities.
For a further study, we introduce a CFT-like radiation whose entropy and Casimir energy can be described by the Cardy-Verlinde formula and the Smarr formula, respectively
where S is the entropy of CFT-like radiation living on an n-dimensional space with size L and E is the total energy of CFT-like radiation. The first denotes the entropy-energy relation, while the second represents the relation between a non-extensive part of the total energy (Casimir energy) and thermodynamic quantities. Here E c and T stand for the Casimir energy and the temperature of radiation with ω = 1/n. The above equations correspond to thermodynamic relations for the CFT-radiation which are independent of the Friedmann equations. Suppose that the entropy of CFT-radiation in the FRW universe can be described by the Cardy-Verlinde formula. For general k, a bound on the Casimir energy (E c ≤ E BH ) is equivalent to the Hubble entropy bound S ≤ S H . It follows from Eqs. (8) and (10) that the Hubble bounds for entropy and temperature are given by [18] 
which shows two inequalities between geometric quantities (S H , T H ) and matter quantities (S, T ). The Hubble entropy bound can be saturated by the entropy of CFT-radiation filling the universe when its Casimir energy E c is large enough to form a universe-size black hole. That is, if kE BH = E c , one has S H = S and T H = T . If it happens, equations (8) and (10) coincide. This implies that the first Friedmann equation somehow knows the entropy formula for CFT-radiation filling the universe. Hereafter we use the Bekenstein-Hawking energy bound E ≤ E BH for a weakly gravitating system with a ≤ √ 2 − k/H, whereas for a strongly gravitating system with a ≥ √ 2 − k/H, we use the Hubble bounds of S ≤ S H , T ≥ T H . Further the space dimensions is fixed to be n = 3.
3 Holographic bounds on the inflationary universe A holographic bound with the UV cutoff can be applied to describing the quantum fluctuations of inflation on sub-horizon scales [20] . The holographic principle provides a bound on the UV cutoff scale of the effective theory of inflation. Let us introduce the UV cutoff scale Λ to parameterize our ignorance of physics beyond this scale. This means that the cutoff should be in physical momentum (℘ < Λ). In this case the number of degrees of freedom depends on the UV cutoff. One usually assumes that Λ ∝ M p . On sub-horizon scales the energy density for scalar perturbations is expressed in terms of the UV cutoff Λ and the Hubble horizon d H = 1/H as [5] 
which shows that for an effectively flat spacetime (k = 0), its equation of state is given by a radiation p = ρ/3. In Section 5, we will obtain the form of ρ qfi from the BekensteinHawking temperature bound. On sub-horizon scales, its coarse-grained entropy is given by [21] 
which is the entropy for relativistic particles at early time before horizon crossing. Here there exist two candidates for the entropy bound. One is the direct entropy bound from the D-bound that appears when a relativistic matter is embedded in de Sitter space [22, 23] . If one takes the Hubble horizon of 1/H as the cosmological event horizon, then the increase of area is given by
Here a Hubble slow-roll parameter ǫ H = −Ḣ/H 2 < 1 is in the region 0 < ǫ H < 1 for inflation, the initial horizon area A 0 for de Sitter space with the matter ρ qfi , and the final horizon area A f = 4π/H 2 for de Sitter space after the matter is excited into the cosmological horizon. Then the D-bound implies that the entropy for the matter is limited by
Using the energy density in Eq. (12), this leads to the D-bound for quantum fluctuations of inflation [5] S ≤ 1 12
Apparently the coarse-grained entropy in Eq. (13) violates the D-bound. Thus we cannot justify that the D-bound is satisfied with S = S cg on sub-horizon scales. A relevant bound on quantum fluctuations of inflation seems to be the energy bound. If one uses the potential slow-roll parameter ǫ V = 1/2(V ′ /V ) 2 , one has the indirect entropy bound. In this case the change of entropy during one e-folding is limited by
On the other hand, the amount of entropy that exists the horizon during one e-folding is given by ∆S = Λ 2 /πH 2 . Then a bound on the UV cutoff takes the form
For an e-folding number N = 54(∼ 1/ǫ V ), one finds Λ ≤ 2M p . This means that the UV cutoff scale is nearly of the same order of the Planck scale M p . At late times after horizon crossing, the entropy is described by the entanglement entropy [5] 
which corresponds to the entropy for classical fluctuations of inflation outside the Hubble horizon (on super-horizon scales). This is nearly of the same order of the coarse-grained entropy and scales like the area of d (11) because the system is in a strongly gravitating phase with a ≥ √ 2/H ∼ 1/H. It is given by [18, 24] 
Taking Λ ∼ M p , the Hubble entropy bound can be rewritten as
It is evident from a ≥ 1/H that N H ≥ 1. Then one easily checks that the Hubble entropy bound is satisfied with the entanglement entropy S ent . We remark the Hubble temperature bound in Eq. (11) . Expressing the Hubble temperature T H in terms of ǫ H and the Gibbons-Hawking temperature T GH = H 2π [22] , one finds the relation
A condition for an accelerating universe (0 < ǫ H < 1) leads to an inequality
This is another representation for inflation to occur, which is expressed in terms of the Hubble and Gibbons-Hawking temperatures. Now we introduce the matter temperature T for classical fluctuations of inflation. The holographic temperature bound implies
We will show that this bound is valid for a slow-roll period of inflation. We recall that this bound is derived from the connection between the second Friedmann equation in Eq. (2) and CFT-like radiation. For a slow-roll period of inflation, the Hubble temperature is positive but less than the Gibbons-Hawking temperature T GH . For a de Sitter inflation, one has T H = 0 and T GH > 0. This means that at least the Hubble temperature is a limiting temperature to define the matter temperature T as T ≥ 0 from the Hubble temperature bound. For a de Sitter inflation, the holographic temperature bound leads to the definition of matter temperature: T ≥ 0 exactly. In the case of T GH = T H , inflation comes to an end (ǫ H = 1). In the slow-roll inflation there may be no cosmological horizon but one would still like to describe the approximate thermal state. Here we propose a stronger constraint on the matter temperature than the Hubble temperature bound T ≥ T GH (25) for classical fluctuations of inflation because the Hubble horizon plays a role of thermal heat bath with slowly varying Gibbons-Hawking temperature T GH = H/2π. We find that the D-bound derived by analogy with de Sitter spacetime is not appropriate for describing quantum fluctuations of inflation with the UV cutoff Λ. This means that the entropy bound is not suitable for a weakly gravitating system. Instead, one expects that the energy bound will play an important role. On the other hand, the indirect entropy bound leads to a constraint on the UV cutoff scale which implies that Λ ∼ M p . Fortunately, we show that the Hubble entropy and temperature bounds are suitable for describing classical fluctuations of inflation on super-horizon scales.
Holographic energy bound
Now we are in a position to ask how the cosmic holographic bounds use to describe the present accelerating universe. For an effective quantum field theory in a box of size L Λ with the UV cutoff Λ, its entropy scales extensively as
where we choose the volume of the box as
Λ . This means that we start with the two independent UV and IR cutoffs. Before we proceed, we comment on the original Bekenstein bound of S ≤ S BV [4] .
4 , this bound is automatically satisfied for an effective quantum field theory. Thus this bound does not provides any constraint for an effective theory. Considering the thermodynamics of black holes, one postulated that the maximum entropy in the box of volume V Λ behaves non-extensively, growing only as the enclosed area A Λ of the box. If one limits the entropy to a holographic bound 
where the IR cutoff scales as L Λ ∼ Λ −2 . This bound is more restrictive than the Bekenstein bound in Eq.(27). The two scales Λ and L Λ are independent to each other in the beginning. To reconcile the breakdown of the quantum field theory to describe a black hole, one proposes a relationship between UV and IR cutoffs. Then we have an effective field theory with the IR cutoff which could describe a system including even black holes. Now we explain the bound of Eq.(28) within our framework. Assuming that the present universe is in a weakly gravitating phase, we can reinterpret it in view of the Bekenstein-Hawking energy bound. From Eq. (5), one finds that the holographic bound
p with a ∼ L Λ . This leads to the energy bound in Eq.(28). Also this inequality can be derived from the Bekenstein-Hawking entropy bound of S BV ≤ S BH . If Ha = √ 2, one finds the saturation which means that S BV = S BH ↔ E = E BH . We remind the reader that E BH is an energy to form a universesize black hole. The universe is in a weakly self-gravitating phase when its total energy E is less than E BH , and in a strongly gravitating phase for E > E BH . Comparing with the Bekenstein bound in Eq.(27), the Bekenstein-Hawking bound comes out when taking both the Friedmann equation and holographic principle into account.
Consequently, the energy bound of Eq. (28) is nothing but the Bekenstein-Hawking energy bound for a weakly gravitating system. As is emphasized again, the energy is a rather important quantity for describing a weakly gravitating system than the entropy.
Holographic dark energy
In order to express the dark energy in terms of the holographic energy density, we take the largest L Λ as the one saturating the inequality of Eq.(28). Then we obtain a holographic energy density,
with a numerical constant 3c 2 . In other words, one uses the equality E = E BH of the Bekenstein-Hawking bound to get the holographic energy density. The Planck scale comes from this energy bound naturally. The UV cutoff Λ resolves into the IR cutoff L Λ and instead, the Planck scale M p plays a role of the UV cutoff. We discuss the connection between Eq. (12) and Eq. (29). For a while, we neglect the prefactors. These are the same holographic form except replacing Λ and d H by M p and L Λ . In the case of quantum fluctuations ρ qfi of inflation on sub-horizon scales, the UV cutoff Λ is determined to be the Planck scale M p by the indirect entropy bound. On the other hand, one can choose the IR cutoff L Λ to be the Hubble horizon because of a ≤ √ 2/H ∼ 1/H on sub-horizon scales. Then, we obtain the energy density ρ qfi for quantum fluctuations of inflation from the holographic energy density ρ Λ . Furthermore, we note that the coarse-grained, entanglement, and Hubble entropies take the same holographic form:
2 . From the Bekenstein entropy bound in Eq. (27), one finds the same form of holographic entropy:
and L Λ in the present. These show the close relationship between two weakly gravitating systems.
Here one has three possibilities for L Λ to describe the dark energy. If one chooses the IR cutoff as the size of our universe (L Λ = d H ), the resulting energy density is comparable to the present dark energy [7] . Even though this holographic approach leads to the data, this description is incomplete because it fails to explain the present universe with ω ≤ −0.78 [8] . Explicitly, the Friedmann equation including a matter of ρ m is then given by ρ m = 3(1 − c 2 )M 2 p H 2 /8π, which shows that the equation of state for the dark energy is given by ω d = 0. However, an accelerating universe requires ω < −1/3 and thus it is not the case. To resolve this situation, one is forced to introduce the particle horizon L Λ = R H = a t 0 (dt/a) which was used in the holographic description of cosmology by Fischler and Susskind [15] . The Friedmann equation of H 2 = 8πρ Λ /3M 2 p leads to an integral equation HR H = c, which gives ρ Λ ∼ a −2(1+1/c) . Unfortunately it implies a decelerating universe with ω H = −1/3(1 − 2/c) > −1/3. In order to find an accelerating universe, we consider quantum fluctuations of inflation on sub-horizon scales. In this case, the Hubble horizon plays a role of the event horizon approximately [25] . Similarly we choose the future event horizon R h = a ∞ t (dt/a) as the IR cutoff L Λ [11] . Using the Friedmann equation of HR h = c, one finds ρ Λ ∼ a −2(1−1/c) with ω h = −1/3(1 + 2/c) < −1/3. For c = 1, we recover a case of cosmological constant with ω h = −1.
Summary
First of all we find that the D-bound derived by analogy with de Sitter spacetime is not appropriate for describing quantum fluctuations of inflation with the UV cutoff Λ. This means that the entropy bound is not suitable for a weakly gravitating system. Instead, one expects that the energy bound will play an important role. On the other hand, the indirect entropy bound leads to a constraint on the UV cutoff scale which implies that Λ ∼ M p . Fortunately, we show that the Hubble entropy and temperature bounds are suitable for describing classical fluctuations of inflation on super-horizon scales with Λ ∼ M p . This is because the classical fluctuations of inflation corresponds to a strongly gravitating system with a ≥ √ 2/H. Furthermore, the energy bound of Eq. (28) is nothing but the Bekenstein-Hawking energy bound for a weakly gravitating system. In this case the energy is a rather suitable quantity for describing a weakly gravitating system than the entropy. The holographic energy density ρ Λ is obtained from the one saturating the Bekenstein-Hawking energy bound. The energy density ρ qfi for quantum fluctuations of inflation is closely related to the holographic energy density ρ Λ for the dark energy.
In order to describe the dark energy in terms of the holographic energy density, one has to choose the IR cutoff L Λ . In this approach we don't know its equation of state exactly before solving the first Friedmann equation of HL Λ = c. For quantum fluctuations of inflation on sub-horizon scales, we know that they behave a radiation with ω = 1/3. However, in the holographic approach to a weakly gravitating system, there exists information loss. This arises because one does not use the second Friedmann equation. As is shown in Eqs. (2) and (8), this contains information on the equation of state for a matter partly. In the case of k = 0, one obtains (ρ + p)V = T H S H which shows that equation of state depends on the Hubble temperature T H . In the case of T H = 0, one obtains ω = −1 which is the de Sitter universe with a cosmological constant. In the case of T H = 0, one finds p = −ρ + (S H /V )T H > −ρ which implies that ω > −1. This means that the geometric quantities of S H , T H and V may determine the equation of state. As is shown in Table 1 , the two combinations of the UV and IR cutoffs (Λ/L Λ , ΛL Λ ) determine all holographic energy densities and holographic entropies. In the case of ρ cfi , even though its correct form is not known, one conjectures its form ρ cfi ∼ (ΛH) 2 . As a result, there exist a close connection between three systems. Other approaches to the connection between inflation and dark energy appeared in ref. [26] . In conclusion the cosmic holographic bounds with the UV and IR cutoffs could describe weakly gravitating systems with a ≤ √ 2/H. The energy bound is very useful for quantum fluctuations of inflation in the past and the dark energy in the future. In these cases, the UV cutoff is the Planck scale and the IR cutoff is the Hubble horizon for quantum fluctuations of inflation and the future event horizon for the dark energy. For classical fluctuations of inflation on super-horizon scales, we use the Hubble bounds to obtain the lower limit of its entropy and the upper limit of its temperature. Here the UV cutoff is also the Planck scale and the IR scale is the Hubble horizon on super-horizon scales.
